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This study is designed to propose a solitary-solution formulation method by applying
transformation and ancient Chinese algorithm. This method is projected to obtain closed-
form solution of fractional differential-difference equations (FDDEs). A closed-form solu-
tion of hybrid lattice is used to demonstrate the rationality and the large potential of the
proposed method in finding the solutions of FDDEs. This method is very effective in
obtaining the exact solutions of nonlinear FDDEs and it can be extended to obtain the
solution of nonlinear FDDEs in mathematical physics. Comparison has been made with
previous work.
Copyright 2015, Mansoura University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/
by-nc-nd/4.0/).1. Introduction
The concept of differential-difference equations (DDEs) [1] has
been motivated because of their numerous applications in
different areas of physics [2,3] and engineering [4]. An
important contribution of DDEs is perceived in modeling
complex physical phenomenon such as current flow in elec-
trical networks and vibrations of particle in lattices. In many
nonlinear studies, DDEs have gained much attention ever
since the work of Fermi et al. [5] in 1960s. Various conven-
tional methods to acquire the solutions of nonlinear
differential-difference equations (NDDEs) were presented in
the theory of lattice-soliton [6,7], for instance, the bilinear. Khan).
ra University.
sity. Production and hosti
/licenses/by-nc-nd/4.0/).form, symmetries [8], and some closed-form analytical solu-
tions of several lattices in polynomial function of tanh [9]. A
little attention was also devoted to obtain the closed-form
solutions of NDDEs by using the symbolic computation.
Baldwin et al. [10] have proposed the tanh-approach to solve
NDDEs. Discrete nonlinear lattices have gained a significant
attention in numerous branches of science. A considerable
literature has grown up around the theme of nonlinear lattice
differential equations (NLDEs) becase of their use in physical
and mathematical models of enormous real-world phenom-
ena. Existing research recognizes the critical role played by
discrete solitons in physical systems on very large scale, for
example, biophysical systems, atomic chains with on-site
cubic nonlinearities, electrical lattices, molecular crystalsng by Elsevier B.V. This is an open access article under the CC BY-
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guides. Fractional order derivatives have also been the subject
to describe several physical phenomena [11,12] such as
diffusion processes, damping laws, rheology, andmany other.
In this study, the fractional order transformation is used to
transform the fractional differential-difference equation into
ordinary differential-difference equation and then analyzed
by frequency amplitude formulation [13e15]. It should be
noted that the generalized hybrid lattice equation may be
converted into discrete mKdV lattice and modified Volterra
lattice equation for some particular cases. The proposed
methodology allows us to precisely solve FDDEs with the
support of symbolic computation.2. Preliminaries
The RiemanneLiouville derivative of order a is defined, for a
function HðxÞ, by
DaxHðxÞ ¼
1
GðaÞ
Zx
0
ðx hÞa1½HðhÞ Hð0Þdh for a< 0; (1)
DaxHðxÞ ¼
1
Gð1 aÞ
d
dx
Zx
0
ðx hÞa½HðhÞ  Hð0Þdh for 0<a<1;
(2)
DaxHðxÞ ¼

HðnÞðxÞðanÞ for n  a  nþ 1; n  1; (3)
where H : R/R is a continuous function.
Using the properties of the Riemann Liouville derivative
from [12], we have
Daxx
b ¼ Gð1þ bÞ
Gð1þ b aÞx
ba; b> 0; (4)
daxðtÞ ¼ Gðaþ 1ÞdxðtÞ (5)
3. Method for solving fractional differential-
difference equations
In this section, a method is described to solve NDDEs directly.
Let's suppose the FDDE in the form:
daunðtÞ
dta
¼ Fðun1;un;unþ1Þ; t>0; 0<a  1 (6)
where un is a dependent variable, and t is a continuous vari-
able, and n2Z.
The main steps of this method are precised as follows:
Step 1. Consider the FDDE as in Eq. (6)
Step 2. To find the exact solution of Eq. (6), introduce the
variable transformation
unðn; tÞ ¼ unðn;hÞ; h ¼ ta (7)
Hence, Eq. (6) by using Eq. (5), can be written as:dun
dh
¼ 1
Gðaþ 1Þ Fðun1;un;unþ1Þ (8)
Step 3. Using the ancient Chinese algorithm (frequency
amplitude formulation) initially applied to nonlinear oscilla-
tors in 2006 [16]; two test functions are selected in the forms:
un;1ðn;hÞ ¼ fðxn þ u1hÞ; f : R/R (9)un;2ðn;hÞ ¼ gðxn þ u2hÞ; g : R/R (10)
where xn ¼ anþ x0; x0 is arbitrary, f ; g are known functions,
u1, u2 are the freely chosen test frequencies, and u is the
frequency of the nonlinear oscillator. A bell solitary solution of
a DDE is deliberated.
The test functions are selected in a fashion:
un;1ðn;hÞ ¼ Aexnþu1h þ eðxnþu1hÞ u1 ¼ 1; (11)
un;2ðn;hÞ ¼ Aexnþu2h þ eðxnþu2hÞ u2 ¼ u: (12)
Which should be compatible for un;un1 and unþ1; Eqs. (11)
and (12) are now given as:
un1;1ðn;hÞ ¼ Aexnhþh þ eðxnhþhÞ (13)
unþ1;1ðn;hÞ ¼ Aexnþhþh þ eðxnþhþhÞ (14)
un1;2ðn;hÞ ¼ Aexnhþuh þ eðxnhþuhÞ (15)
unþ1;2ðn;hÞ ¼ Aexnþhþuh þ eðxnþhþuhÞ (16)
where h is small increment in xn.
Step 4. Define residual function
dun 1~RðhÞ ¼
dh

Gðaþ 1Þ Fðun1;un;unþ1Þ; (17)
On utilizing Eq. (11)e(16) into Eq. (8), the residual functions
~R1 and ~R2 can be achieved as:
~R1ðhÞ ¼ dun;1dh 
1
Gðaþ 1Þ Fðun1;1;un;1;unþ1;1Þ (18)
~R2ðhÞ ¼ dun;2dh 
1
Gðaþ 1ÞGðun1;2;un;2;unþ1;2Þ; (19)
Step 5. Using frequency amplitude formulation the fre-
quency of the nonlinear oscillator u is assumed to be as
follows:
u2 ¼ u
2
1
~R2ð0Þ  u22 ~R1ð0Þ
~R2ð0Þ  ~R1ð0Þ
; (20)
where u1 ¼ 1 and u2 ¼ u
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exponential equation to zero gives a set of algebraic
equations for u;A.
Step 7. The exact solutions for Eq. (6) can be obtained by
substituting the obtained results into Eq. (11) and (12) with
h ¼ ta, by solving the algebraic equations found in step 6.
4. Application
The well-known hybrid lattice equation with fractional order
derivative can be written as
daun
dta
¼ lþ bun þ gu2nðun1  unþ1Þ; (21)
where l; b;gs0 are constants.
On utilizing the transformation h ¼ ta in Eq. (21) yields
dun
dh
¼ 1
Gðaþ 1Þ

lþ bun þ gu2n
ðun1  unþ1Þ; (22)
On following the steps 2e5 as mentioned in the previous
section, with the help of a symbolic computer software
Mathematica 8, Eq. (22) can be transformed as:
Aðe
xuþexuÞ
ðexþexÞ2 u
2
 
AðexþexÞ
ðexþexÞ2 
AðexuþexuÞ
ðexþexÞ2
!
u2
0
@AðexþexÞðexþexÞ2 
 
A
ehxþehþx Aehþxþehx
 
lþ Abexþexþ A
2g
ðexþexÞ2
!!
Gðaþ1Þ
1
A


A
ehxþehþx Aehþxþehx
 
lþ AbðexþexÞþ A
2g
ðexþexÞ2
!
Gðaþ1Þ ¼0
(23)
Considering s¼ex yields
Aehð1þu2Þlþe2hlþehuGðaþ1Þs
Gðaþ1Þ
A
2eh
1þe2hð1þu2Þbs2
Gðaþ1Þ
þ

Ae3hð1þu2Þlþe6hlþA2e2hgA2e4hgþ3e3huGðaþ1Þs3
Gðaþ1Þ
þA
2e3h
1þe2h1þe2h2ð1þu2Þbs4
Gðaþ1Þ þ :::
¼0
(24)
Now, setting the coefficients of si to be zero give
s1 :
Aeh1þu2lþe2hlþehuGðaþ1Þ
Gðaþ1Þ ¼0
s2 :
A2eh1þe2h1þu2b
Gðaþ1Þ ¼0
s3 :
Ae3h
1þu2lþe6hlþA2e2hgA2e4hgþ3e3huGðaþ1Þ
Gðaþ1Þ ¼0
s4 :
A2e3h
1þe2h1þe2h21þu2b
Gðaþ1Þ ¼0
(25)
Now solving set of Eq. (25) simultaneously givesu ¼ 2l sinhðhÞ
Gðaþ 1Þ (26)
A ¼ 2
ﬃﬃﬃ
l
g
s
sinhðhÞ (27)
Therefore, the required soliton-solution is
un ¼
ﬃﬃﬃ
l
g
s
sinhðhÞ sec h

xn þ
2l sinhðhÞ
Gðaþ 1Þ

ta

(28)
5. Conclusion
This study has proposed a method to find the solitary wave
solution for nonlinear fractional order DDEs. The soliton-
solution is proposed for fractional order DDE by a trans-
formation and the Chinese algorithm. The closed-form solu-
tions of has been obtained. It should be noted that the soliton
solution of discretemKdV lattice andmodified Volterra lattice
can be found by using particular values of a; l; b and g. This
study also reveals that the symbolic computation software
plays a vital role in finding the excact solution of DDEs.
Moreover, this method may also be applicable for a system of
DDEs and partial DDEs with fractional order derivatives. This
method is the generalization of [17] and the solution can ob-
tained for 0<a  1.r e f e r e n c e s
[1] Adler VE, Svinolupov SI, Yamilov RI. Multi-component
Volterra and Toda type integrable equations. Phys Lett Sect A
1999;254:24e36.
[2] Wadati M. Wave propagation in nonlinear lattice-I. J Phys Soc
Jpn 1975;38:673e80.
[3] Goktas U, HeremanW. Computation of conservation laws for
nonlinear lattices. Phys D 1998;123:425e36.
[4] Wu GC, Zhao L, He JH. Differential-difference model for
textile engineering. Chaos Solit Fractals 2009;42:352e4.
[5] Fermi E, Pasta J, Ulam S. Collected papers of Enrico Fermi,
vol. 2. Chicago, Ill, USA: The University of Chicago Press;
1965.
[6] Hu XB, Ma WX. Application of Hirota's bilinear formalism to
the Toeplitz lattice-some special soliton-like solutions. Phys
Lett A 2002;293:161e5.
[7] Tam HW, Hu XB. Soliton solutions and Backlund
transformation for the Kupershmidt fivefield lattice: a
bilinear approach. Appl Math Lett 2002;15:987e93.
[8] Lou SY. Generalized symmetries and W∞ algebras in three-
dimensional Toda field theory. Phys Rev Lett
1993;71:4099e102.
[9] Elmer CE, Van Vleck ES. A variant of Newton's method for the
computation of traveling waves of bistable differential-
difference equations. J Dyn Differ Equ 2002;14:493e517.
[10] Baldwin D, Goktas U, Hereman W. Symbolic computation of
hyperbolic tangent solutions for nonlinear differential-
difference equations. Comput Phys Commun
2004;162:203e17.
[11] Podlubny. Fractional differential equations. New York:
Academic Press; 1999.
e g y p t i a n j o u rn a l o f b a s i c a n d a p p l i e d s c i e n c e s 2 ( 2 0 1 5 ) 2 4 3e2 4 6246[12] Khan NA, Jamil M, Ara A, Das S. Explicit solution of time-
fractional batch reactor system. Int J Chem React Eng
2011;9:A91.
[13] He JH. Comment on He's frequency formulation for
nonlinear oscillators. Eur J Phys 2008;29:L19e22.
[14] He JH. An improved amplitude-frequency formulation for
nonlinear oscillators. Int J Nonlinear Sci Numer Simul
2008;9:211e2.[15] Zhang HL, Qin LJ. An ancient Chinese mathematical
algorithm and its application to nonlinear oscillators.
Comput Math Appl 2011;68:2071e5.
[16] He JH. Some asymptotic methods for strongly nonlinear
equations. Int J Mod Phys B 2006;20:1141e99.
[17] He JH, Elagan SK, Wu GC. Solitary-solution formulation for
differential-difference equations using an ancient chinese
algorithm. Abstr Appl Anal 2012;2012. Article ID 861438.
